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LIOUVILLE QUANTUM GRAVITY
AS A METRIC SPACE AND A SCALING LIMIT
JASON MILLER
Abstract. Over the past few decades, two natural random surface models
have emerged within physics and mathematics. The first is Liouville quantum
gravity, which has its roots in string theory and conformal field theory from
the 1980s and 1990s. The second is the Brownian map, which has its roots
in planar map combinatorics from the 1960s together with recent scaling limit
results. This article surveys a series of works with Sheffield in which it is
shown that Liouville quantum gravity (LQG) with parameter γ =
√
8/3 is
equivalent to the Brownian map. We also briefly describe a series of works
with Gwynne which use the
√
8/3-LQG metric to prove the convergence of
self-avoiding walks and percolation on random planar maps towards SLE8/3
and SLE6, respectively, on a Brownian surface.
1. Introduction
1.1. The Gaussian free field. Suppose that D ⊆ C is a planar domain. Infor-
mally, the Gaussian free field (GFF) h on D is a Gaussian random variable with
covariance function
cov(h(x), h(y)) = G(x, y) for x, y ∈ D
where G denotes the Green’s function for ∆ on D. Since G(x, y) ∼ − log |x − y|
as x → y, it turns out that it is not possible to make sense of the GFF as a
function on D but rather it exists as a distribution on D. Perhaps the most natural
construction of the GFF is using a series expansion. More precisely, one defines
H10 (D) to be the Hilbert space closure of C
∞
0 (D) with respect to the Dirichlet inner
product
(1.1) (f, g)∇ =
1
2pi
∫
D
∇f(x) · ∇g(x)dx.
One then sets
(1.2) h =
∑
n
αnφn
where (αn) is a sequence of i.i.d. N(0, 1) random variables and (φn) is an orthonor-
mal basis of H10 (D). The convergence of the series (1.2) does not take place in
H10 (D), but rather in the space of distributions on D. (One similarly defines the
GFF with free boundary conditions on a given boundary segment L using the same
construction but including also the those functions can be non-zero on L.) Since
the Dirichlet inner product is conformally invariant, so is the law of the GFF.
The GFF is a fundamental object in probability theory. Just like the Brownian
motion arises as the scaling limit of many different types of random curves, the
GFF describes the scaling limit of many different types of random surface models
[45, 8, 31, 78, 61]. It also has deep connections with many other important objects
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in probability theory, such as random walks and Brownian motion [29, 28, 56] and
the Schramm-Loewner evolution (SLE) [81, 82, 83, 84, 19, 65, 66, 67, 71, 26].
1.2. Liouville quantum gravity. Liouville quantum gravity (LQG) is one of sev-
eral important random geometries that one can build from the GFF. It was intro-
duced (non-rigorously) in the physics literature by Polyakov in the 1980s as a model
for a string [74, 75, 76]. In its simplest form, it refers to the random Riemannian
manifold with metric tensor given by
(1.3) eγh(z)(dx2 + dy2)
where h is (some variant of) the GFF on D, γ is a real parameter, z = x+ iy ∈ D,
and dx2 + dy2 denotes the Euclidean metric on D. This expression does not make
literal sense because h is only a distribution on D and not a function, hence does
not take values at points.
There has been a considerable effort within the probability community over the
course of the last decade or so to make rigorous sense of LQG. This is motivated by
the goal of putting a heuristic from the physics literature, the so-called KPZ formula
[48] which has been used extensively to (non-rigorously) derive critical exponents
for two-dimensional lattice models, onto firm mathematical ground. Another moti-
vation comes from deep conjectures, which we will shortly describe in more detail,
which state that LQG should describe the large-scale behavior of random planar
maps.
The volume form
(1.4) eγh(z)dxdy
associated with the metric (1.3) was constructed in [27] by regularizing h by con-
sidering its average h(z) on ∂B(z, ) and then setting
(1.5) µγh = lim→0
γ
2/2eγh(z)dxdy
where dxdy denotes Lebesgue measure on D. We note that there is no difficulty in
making sense of the expression inside of the limit on the right hand side of (1.5)
for each fixed  > 0 since (z, ) 7→ h(z) is a continuous function [27]. The factor
γ
2/2 appears because the leading order term in the variance of h(z) is log 
−1. In
the case that h is a GFF on a domain D with a linear boundary segment L and
free boundary conditions along L, one can similarly construct a boundary length
measure by setting
(1.6) νγh = lim→0
γ
2/4eγh(x)/2dx
where dx denotes Lebesgue measure on L. There is in fact a general theory of
random measures with the same law as µh, νh which is referred to as Gaussian
multiplicative chaos and was developed by Kahane [44] in the 1980s; see [77] for a
more recent review. (Similar measures also appeared earlier in [42].)
The regularization procedure used to define the area and boundary measures
leads to a natural change of coordinates formula for LQG. Namely, if h is a GFF
on a domain D, ϕ : D˜ → D is a conformal transformation, and one takes
(1.7) h˜ = h ◦ ϕ+Q log |ϕ′| where Q = 2
γ
+
γ
2
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then the area and boundary measures defined by h˜ are the same as the pushforward
of the area and boundary measures defined by h. Therefore (D,h) and (D˜, h˜) can
be thought of as parameterizations of the same surface. Whenever two pairs (D,h)
and (D˜, h˜) are related as in (1.7), we say that they are equivalent as quantum
surfaces and a quantum surface is an equivalence class under this relation. A
particular choice of representative is referred to as an embedding. There are many
different choices of embeddings of a given quantum surface which can be natural
depending on the context, and this is a point we will come back to later. We note
that when γ → 0 so that an LQG surface corresponds to a flat, Euclidean surface
(i.e., the underlying planar domain), the change of coordinate formula (1.7) exactly
corresponds to the usual change of coordinates formula.
1.3. Random planar maps. A planar map is a graph together with an embedding
into the plane so that no two edges cross. Planar maps M1,M2 are said to be
equivalent if there exists an orientation preserving homeomorphism ϕ of R2 which
takes M1 to M2. The faces of a planar map are the connected components of the
complement of its edges. A map is a called a triangulation (resp. quadrangulation) if
it has the property that all faces have exactly three (resp. four) adjacent edges. The
study of planar maps goes back to work of Tutte [88], who worked on enumerating
planar maps in the context of the four color theorem, and of Mullin [72], who
worked on enumerating planar maps decorated with a distinguished spanning tree.
Random maps were intensively studied in physics by random matrix techniques,
starting from [10] (see, e.g., the review [18]). This field has since been revitalized
by the development of bijective techniques due to Cori-Vauquelin [12] and Schaeffer
[80] and has remained a very active area in combinatorics and probability, especially
in the last 20 or so years.
Since there are only a finite number of planar maps with n faces, one can pick
one uniformly at random. We will now mention some of the main recent develop-
ments in the study of the metric properties of large uniformly random maps. First,
it was shown by Chassaing and Schaeffer that the diameter of a uniformly random
quadrangulation with n faces is typically of order n1/4 [11]. It was then shown by
Le Gall that if one rescales distances by the factor n−1/4 [51] then one obtains a
tight sequence in the space of metric spaces (equipped with the Gromov-Hausdorff
topology), which means that there exist subsequential limits in law. Le Gall also
showed that the Hausdorff dimension of any subsequential limit is a.s. equal to 4
[51] and it was shown by Le Gall and Paulin [55] (see also [59]) that every subse-
quential limit is a.s. homeomorphic to the two-dimensional sphere S2. This line of
work culminated with independent works of Le Gall [52] and Miermont [60], which
both show that one has a true limit in distribution. The limiting random metric
measure space is known as the Brownian map. (The term Brownian map first ap-
peared in [58].) We will review the continuum construction of the Brownian map
in Section 5.1. See [53] for a more in depth survey.
Building off the works [52, 60], this convergence has now been extended to a
number of other topologies. In particular:
• Curien and Le Gall proved that the uniform quadrangulation of the whole
plane (UIPQ), the local limit of a uniform quadrangulation with n faces,
converges to the Brownian plane [14].
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• Bettinelli and Miermont proved that quadrangulations of the disk with
general boundary converge to the Brownian disk [9] (see also the extension
[39] to the case of quadrangulations of the disk with simple boundary).
• Building on [9], it was shown in [36, 7] that the uniform quadrangulation of
the upper half-plane (UIHPQ), the local limit of a uniform quadrangulation
of the disk near a boundary typical point, converges to the Brownian half-
plane.
It has long been believed that LQG should describe the large scale behavior
of random planar maps (see [3]), with the case of uniformly random planar maps
corresponding to γ =
√
8/3. Precise conjectures have also been made more recently
in the mathematics literature (see e.g. [27, 16]).
One approach is to view a quadrangulation as a surface by identifying each of
the quadrilaterals with a copy of the Euclidean square [0, 1]2 which are identified
according to boundary length using the adjacency structure of the map. One can
then conformally map the resulting surface to S2 and write the resulting metric in
coordinates with respect to the Euclidean metric
(1.8) eλn(z)(dx2 + dy2).
The goal is then to show that λn converges in the limit as n → ∞ to
√
8/3 times
a form of the GFF. A variant of this conjecture is that the volume form associated
with (1.8) converges in the limit to the
√
8/3-LQG measure associated with a form
of the GFF. One can also consider other types of “discrete” conformal embeddings,
such as circle packings, square tilings, or the Tutte (a.k.a. harmonic, or barycentric)
embedding. (See [40] for a convergence result of this type in the case of the so-called
mated-CRT map.)
In this article, we will focus on the solution of a version of this conjecture carried
out in [63, 68, 69, 62, 64] in which it is shown that a
√
8/3-LQG surface determines
a metric space structure and if one considers the correct law on
√
8/3-LQG surfaces
then this metric space is an instance of the Brownian map.
Acknowledgements. We thank Bertrand Duplantier, Ewain Gwynne, and Scott
Sheffield for helpful comments on an earlier version of this article.
2. Liouville quantum gravity surfaces
In order to make the connections between random planar maps and LQG precise,
one needs to make precise the correct law on GFF-like distributions h. Since the
definitions of these surfaces are quite important, we will now spend some time de-
scribing how to derive these laws (in the simply connected case), first in the setting
of surfaces with boundary and then in the setting of surfaces without boundary.
These constructions were first described in [84] and carried out carefully in [26].
2.1. Surfaces with boundary. The starting point for deriving the correct form
of the distribution h is to understand the behavior of such a surface near a boundary
typical point, that is, near a point x in the boundary chosen from νh, for a general
LQG surface with boundary. To make this more concrete, we consider the domain
D = D ∩ H, i.e., the upper semi-disk in H. Let h be a GFF on D with free (resp.
Dirichlet) boundary conditions on [−1, 1] (resp. ∂D \ [−1, 1]). Following [27], we
then consider the law whose Radon-Nikodym derivative with respect to h is given
by a normalizing constant times νh([−1, 1]). That is, if dh denotes the law of h, then
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the law we are considering is given by νh([−1, 1])dh normalized to be a probability
measure. From (1.6) this, in turn, is the same as the limit as → 0 of the marginal
of h under the law
(2.1) Θ(dx, dh) = 
γ2/4eγh(x)/2dxdh
where dx denotes Lebesgue measure on [−1, 1]. We are going to in fact consider
the limit Θ as  → 0 of Θ from (2.1). The reason for this is that in the limit as
 → 0, the conditional law of x given h converges to a point chosen from νh. By
performing an integration by parts, we can write h(x) = (h, ξ
x
 )∇ where ξ
x
 (y) =
− log max(|x− y|, )− G˜x (z) and G˜x is the function which is harmonic on D with
Dirichlet boundary conditions given by y 7→ − log max(|x − y|, ) on ∂D \ [−1, 1]
and Neumann boundary conditions on [−1, 1]. In other words, ξx is a truncated
form of the Green’s function G for ∆ on D with Dirichlet boundary conditions on
∂D \ [−1, 1] and Neumann boundary conditions on [−1, 1]. Recall the following
basic fact about the Gaussian distribution: if Z ∼ N(0, 1) and we weight the
law of Z by a normalizing constant times eµZ , then the resulting distribution is
that of a N(µ, 1) random variable. By the infinite dimensional analog of this,
we therefore have in the case of h that weighting its law by a constant times
exp(γh(x)/2) = exp(γ(h, ξ
x
 )∇/2) is the same as shifting its mean by (γ/2)ξ
x
 . That
is, under Θ, we have that the conditional law of h given x is that of h˜ + (γ/2)ξ
x

where h˜ is a GFF on D with free (resp. Dirichlet) boundary conditions on [−1, 1]
(resp. ∂D \ [−1, 1]). Taking a limit as  → 0, we thus see that the conditional law
of h given x under Θ is given by that of h˜ + (γ/2)G(x, ·) where h˜ is a GFF on D
with free (resp. Dirichlet) boundary conditions on [−1, 1] (resp. ∂D \ [−1, 1]).
This computation tells us that the local behavior of h near a point chosen from
νh is described by that of a GFF with free boundary conditions plus the singularity
−γ log | · | (as the leading order behavior of G(x, y) is −2 log |x− y| for x ∈ (−1, 1)
and y close to x). We now describe how to take an infinite volume limit near x in
the aforementioned construction. Roughly speaking, we will “zoom in” by adding a
large constant C to h (which has the effect of replacing µh with e
γCµh), centering
so that x is at the origin, and then performing a rescaling so that D∩H is assigned
one unit of mass.
It is easiest to describe this procedure if we first apply a change of coordinates
from D to the infinite half-strip S+ = R+ × (0, pi) using the unique conformal
map ϕ : D → S+ which takes −1 to 0, x to +∞, and 1 to pii. Then the law of
h˜ = h◦ϕ−1+Q log |(ϕ−1)′| is that of ĥ+(γ−Q)Re(·) where ĥ is a GFF on S+ with
free (resp. Dirichlet) boundary conditions on ∂S+ \ [0, pii] (resp. [0, pii]). For each
u ≥ 0, let A˜u be the average of h˜ on the vertical line [0, pii] + u. For such a GFF,
it is possible to check that A˜u = B˜2u + (γ −Q)u where B˜ is a standard Brownian
motion. Suppose that C > 0 is a large constant and h˜C = h˜(· + τC) + C where
τC = inf{u ≥ 0 : A˜u + C = 0}. Note that τC is a.s. finite since (γ − Q) < 0. As
C →∞, the law of h˜C converges to that of a field on S whose law can be sampled
from using the following two step procedure:
• Take its average on vertical lines [0, pii] +u to be given by Au where Au for
u > 0 is given by B2u + (γ −Q)u where B is a standard Brownian motion
and for u < 0 by B̂−2u + (γ − Q)u where B̂ is an independent standard
Brownian motion conditioned so that B̂2s + (Q− γ)s ≥ 0 for all s ≥ 0.
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• Take its projection onto the (·, ·)∇-orthogonal complement of the subspace
of functions which are constant on vertical lines of the form [0, pii]+u to be
given by the corresponding projection of a GFF on S with free boundary
conditions on S and which is independent of A.
The surface whose construction we have just described is called a γ-quantum wedge
and, when parameterized by H, can be thought of as a version of the GFF on
H with free boundary conditions and a −γ log | · | singularity with the additive
constant fixed in an a canonical manner. The construction generalizes to that of
an α-quantum wedge which is a similar type of quantum surface except with a
−α log | · | singularity. Quantum wedges are naturally marked by two points. When
parameterized by H, these correspond to 0 and ∞ and when parameterized by S
correspond to −∞ and +∞. This is emphasized with the notation (H, h, 0,∞) or
(S , h,−∞,+∞).
A quantum disk is the finite volume analog of a γ-quantum wedge and, when pa-
rameterized byS , the law of the associated field can be described in a manner which
is analogous to that of a γ-quantum wedge. To make this more concrete, we recall
that if B is a standard Brownian motion and a ∈ R, then eBt+at reparameterized to
have quadratic variation dt is a Bessel process of dimension δ = 2 + 2a. Conversely,
if Z is a Bessel process of dimension δ, then logZ reparameterized to have quadratic
variation dt is a standard Brownian motion with drift at = (δ − 2)t/2. The law of
the process A described just above can therefore be sampled from by first sampling
a Bessel process Z of dimension δ = 8/γ2, then reparameterizing (4/γ) logZ to
have quadratic variation 2dt, and then reversing and centering time so that it first
hits 0 at u = 0. The law of a quantum disk can be sampled from in the same
manner except one replaces the Bessel process Z just above with a Bessel excursion
sampled from the excursion measure of a Bessel process of dimension 4− 8/γ2. A
quantum disk parameterized by S is marked by two points which correspond to
−∞, +∞ and is emphasized with the notation (S , h,−∞,+∞). It turns out that
these two points have the law of independent samples from the boundary measure
when one conditions on the quantum surface structure of a quantum disk.
2.2. Surfaces without boundary. The derivation of the surfaces without bound-
ary proceeds along the same lines as the derivation of the surfaces with boundary
except one analyzes the behavior of an LQG surface near an area typical point
rather than a boundary typical point. The infinite volume surface is the γ-quantum
cone and the finite volume surface is the quantum sphere. In this case, it is natural
to parameterize such a surface by the infinite cylinder C = R × [0, 2pi] (with the
top and bottom identified). The law of a γ-quantum cone parameterized by C can
be sampled from by:
• Taking its average on vertical lines [0, 2pii] + u to be given by Au where
Au for u > 0 is given by Bu + (γ − Q)u where B is a standard Brownian
motion and for u < 0 by B̂−u+(γ−Q)u where B̂ is an independent standard
Brownian motion conditioned so that B̂s + (Q− γ)s ≥ 0 for all s ≥ 0.
• Take its projection onto the (·, ·)∇-orthogonal complement of the subspace
of functions which are constant on vertical lines of the form [0, 2pii] + u
to be given by the corresponding projection of a GFF on C and which is
independent of A.
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As in the case of a γ-quantum wedge, it is natural to describe A in terms of a Bessel
process. In this case, one can sample from its law by first sampling a Bessel process
Z of dimension δ = 8/γ2, then reparameterizing (2/γ) logZ to have quadratic
variation dt, and then reversing and centering time so that it first hits 0 at u = 0.
A quantum sphere can be constructed in an analogous manner except one replaces
the Bessel process Z just above with a Bessel excursion sampled from the excursion
measure of a Bessel process of dimension 4− 8/γ2.
The γ-quantum cone parameterized by C can be viewed as a whole-plane GFF
plus −γ log | · | with the additive constant fixed in a canonical way. The α-quantum
cone is a generalization of this where the −γ log | · | singularity is replaced with a
−α log | · | singularity.
Quantum cones are naturally marked by two points. When parameterized by
C, these correspond to 0 and ∞ and when parameterized by C correspond to −∞
and +∞. This is emphasized with the notation (C, h, 0,∞) or (C , h,−∞,+∞).
It turns out that these two points have the law of independent samples from the
area measure when one conditions on the quantum surface structure of a quantum
sphere.
We note that a different perspective on quantum spheres was developed in [16]
which follows the construction of Polyakov. The equivalence of the construction in
[16] and the one described just above was established in [6]. (An approach similar
to [6] would likely yield the equivalence of the disk measures considered in [43] and
the quantum disk defined earlier.)
Finally, we mention briefly that are also some works which construct LQG on
non-simply connected surfaces [17, 32].
3. SLE and Liouville quantum gravity
3.1. The Schramm-Loewner evolution. The Schramm-Loewner evolution (SLE)
was introduced by Schramm [81] to describe the scaling limits of the interfaces in
discrete lattice models in two dimensions, the motivating examples being loop-
erased random walk and critical percolation. We will discuss three variants of SLE:
chordal, radial, and whole-plane.
Chordal SLE is a random fractal curve which connects two boundary points in
a simply connected domain. It is most natural to define it first in H and then for
other domains by conformal mapping. Suppose that η is a curve in H from 0 to
∞ which is non-self-crossing and non-self-tracing. For each t ≥ 0, let Ht be the
unbounded component of H \ η([0, t]) and let gt : Ht → H be the unique conformal
map with gt(z)−z → 0 as z →∞. Then Loewner’s theorem states that there exists
a continuous function W : [0,∞)→ R such that the maps (gt) satisfy the ODE
(3.1) ∂tgt(z) =
2
gt(z)−Wt , g0(z) = z
(provided η is parameterized appropriately). The driving function W is explicitly
given by Wt = gt(η(t)). For κ > 0, SLEκ is the curve associated with the choice
W =
√
κB where B is a standard Brownian motion. This form of the driving
function arises when one makes the assumption that the law of η is conformally
invariant and satisfies the following Markov property: for each stopping time τ
for η, the conditional law of gτ (η|[τ,∞)) −Wτ is the same as the law of η. These
properties are natural to assume for the scaling limits of two-dimensional discrete
lattice models.
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The behavior of SLEκ strongly depends on the value of κ. When κ ∈ (0, 4], it
describes a simple curve, when κ ∈ (4, 8) it is a self-intersecting curve, and when
κ ≥ 8 it is a space-filling curve [79]. Special values of κ which have been proved or
conjectured to correspond to discrete lattice models include:
• κ = 1: Schynder woods branches [57]
• κ = 4/3: bipolar orientation branches
[46, 47]
• κ = 2: loop-erased random walk [49]
• κ = 8/3: self-avoiding walks [50]
• κ = 3: critical Ising model [87]
• κ = 4: level lines of the GFF [82, 83]
• κ = 6: critical percolation [86]
• κ = 16/3: FK-Ising model [87]
• κ = 8: uniform spanning tree [49]
• κ = 12: bipolar orientations [46, 47]
• κ = 16: Schnyder woods [57]
Radial SLE is a random fractal curve in a simply connected domain which con-
nects a boundary point to an interior point. It is defined first in D and then in
other domains by conformal mapping. The definition is analogous to the case of
chordal SLE, except one solves the radial Loewner ODE
(3.2) ∂tgt(z) = −gt(z)gt(z) + e
iWt
gt(z)− eiWt
in place of (3.1). As in the case of (3.1), the radial Loewner ODE serves to encode a
non-self-crossing and non-self-tracing curve η in terms of a continuous, real-valued
function. For each t ≥ 0, gt is the unique conformal map from the component of
D \ η([0, t]) containing 0 to D with g′t(0) > 0. Radial SLEκ corresponds to the case
that W =
√
κB. Whole-plane SLE is a random fractal curve which connects two
points in the Riemann sphere. It is defined first for the points 0 and∞ and then for
other pairs of points by applying a Mo¨bius transformation. It can be constructed
by starting with a radial SLEκ in C \ (D) from  to ∞ and then taking a limit as
→ 0.
3.2. Exploring an LQG surface with an SLE. There are two natural operations
that one can perform in the context of planar maps (see the physics references in
[27]). Namely:
• One can “glue” together two planar maps with boundary by identifying
their edges along a marked boundary segment to produce a planar map
decorated with a distinguished interface. If the two maps are chosen in-
dependently and uniformly at random, then this interface will in fact be a
self-avoiding walk (SAW). (See Section 6.1 for more details.)
• One can also decorate a planar map with an instance of a statistical physics
model (e.g. a critical percolation configuration or a uniform spanning tree)
and then explore the interfaces of the statistical physics model. (See Sec-
tion 6.2 for more details in the case of percolation.)
If one takes as an ansatz that LQG describes the large scale behavior of random
planar maps, then it is natural to guess that one should be able to perform the
same operations in the continuum on LQG. In order to make this mathematically
precise, one needs to describe the precise form of the laws of:
• The field h which describes the underlying LQG surface and
• The law of the interfaces.
In view of the discussion in Section 2, it is natural to expect that quantum wedges,
disks, cones, and spheres will play the role of the former. In view of the conformal
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invariance ansatz for critical models in two-dimensional statistical mechanics, it is
natural to expect that SLE-type curves should play the role of the latter.
Recall that LQG comes with the parameter γ and SLE comes with the parame-
ter κ. As we will describe below in more detail, it is important that these parameters
are correctly tuned. Namely, it will always be the case that
(3.3) γ = min
(√
κ,
4√
κ
)
.
We emphasize that (3.3) states that for each γ ∈ (0, 2), there are precisely two
compatible values of κ: κ = γ2 ∈ (0, 4) and κ = 16/γ2 > 4.
We will now describe some work of Sheffield [84], which is the first mathematical
result relating SLE to LQG and should be interpreted as the continuous analog
of the gluing operation for planar maps with boundary. It is motivated by earlier
work of Duplantier from the physics literature [20, 21, 22, 23].
Theorem 3.1. Fix κ ∈ (0, 4) and let γ = √κ. Suppose that W = (H, h, 0,∞) is a
(γ − 2/γ)-quantum wedge and that η is an independent SLEκ process in H from 0
to ∞. Let D1 (resp. D2) be the component of H \ η which is to the left (resp. right)
of η. Then the quantum surfaces D1 = (D1, h, 0,∞) and D2 = (D2, h, 0,∞) are
independent γ-quantum wedges. Moreover, W and η are a.s. determined by D1,D2.
We first emphasize that the independence of D1,D2 in Theorem 3.1 is in terms of
quantum surfaces, which are themselves defined modulo conformal transformation.
The γ-quantum wedges D1,D2 which are parameterized by the regions which are
to the left and right of η each have their own boundary length measure. Therefore
for any point z along η, one can measure the boundary length distance from z to 0
along the left or the right side of η (i.e., using D1 or D2). One of the other main
results of [84] is that these two quantities agree. An SLEκ curve with κ ∈ (0, 4)
therefore has a well-defined notion of quantum length. Moreover, this also allows
one to think of [84] as a statement about welding quantum surfaces together.
The cutting/welding operation first established in [84] was substantially gener-
alized in [26], in which many other SLE explorations of LQG surfaces were studied.
Let us mention one result in the context of an SLEκ process for κ ∈ (4, 8).
Theorem 3.2. Fix κ ∈ (4, 8) and let γ = 4/√κ. Suppose that W = (H, h, 0,∞)
is a (4/γ − γ/2)-quantum wedge and that η is an independent SLEκ process. Then
the quantum surfaces parameterized by the components of H \ η are conditionally
independent quantum disks given their boundary lengths. The boundary lengths of
these disks which are on the left (resp. right) side of η are in correspondence with
the jumps of a κ/4-stable Le´vy process L (resp. R) with only downward jumps.
Moreover, L and R are independent.
The time parameterization of the Le´vy processes L and R gives rise to an intrinsic
notion of time for η which in [26] is referred to as the quantum natural time.
There are also similar results for explorations of the finite volume surfaces by
SLE processes. We will focus on one such result here (proved in [64]) which is
relevant for the construction of the metric on
√
8/3-LQG.
Theorem 3.3. Suppose that γ =
√
8/3 and that S = (C , h,−∞,+∞) is a quantum
sphere. Let η be a whole-plane SLE6 process in C from −∞ to +∞ which is sampled
independently of h and then reparameterized according to quantum natural time. Let
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Xt be the quantum boundary length of the component Ct of C \ η([0, t]) containing
+∞. Then X evolves as the time-reversal of a 3/2-stable Le´vy excursion with only
upward jumps. For a given time t, the conditional law of the surface parameterized
by Ct given Xt is that of a quantum disk with boundary length Xt weighted by
its quantum area and the conditional law of the point η(t) is given by the quantum
boundary length measure on ∂Ct. Moreover, the surfaces parameterized by the other
components of C \ η([0, t]) are quantum disks which are conditionally independent
given X|[0,t], each correspond to a downward jump of X|[0,t], and have quantum
boundary length given by the corresponding jump.
4. Construction of the metric
In this section we will describe the construction of the metric on
√
8/3-LQG
from [63, 68, 69]. The construction is strongly motivated by discrete considerations,
which we will review in Section 4.1, before reviewing the continuum construction
in Section 4.2.
4.1. The Eden growth model. Suppose that G = (V,E) is a connected graph.
In the Eden growth model [30] (or first-passage percolation [41]), one associates
with each e ∈ E an independent exp(1) weight Ze. The aim is then to understand
the random metric dFPP on G which assigns length Ze to each e ∈ E. Suppose
that x ∈ V . By the memoryless property of the exponential distribution, there is a
simple Markovian way of growing the dFPP-metric ball centered at x. Namely, one
inductively defines an increasing sequence of clusters Cn as follows.
• Set C0 = {x}.
• Given that Cn is defined, choose an edge e = {y, z} uniformly at random
among those with y ∈ Cn and z /∈ Cn, and then take Cn+1 = Cn ∪ {z}.
Figure 1. Left: Eden model on Z2. Right: Eden model on a graph approxima-
tion of
√
8/3-LQG. This serves as a discretization of QLE(8/3, 0).
It is an interesting question to analyze the large-scale behavior of the clusters
Cn on a given graph G. One of the most famous examples is the case G = Z2,
i.e., the two-dimensional integer lattice (see the left side of Figure 1). It was shown
by Cox and Durrett [13] that the macroscopic shape of Cn is convex but computer
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simulations suggest that it is not a Euclidean ball. The reason for this is that Z2
is not sufficiently isotropic. In [89, 90], Wiermann and Vahidi-Asl considered the
Eden model on the Delaunay triangulation associated with the Voronoi tesselation
of a Poisson point process with Lebesgue intensity on R2 and showed that at large
scales the Eden growth model is well-approximated by a Euclidean ball. The reason
for the difference between the setting considered in [89, 90] and Z2 is that such a
Poisson point process does not have preferential directions due to the underlying
randomness and the rotational invariance of Lebesgue measure.
Also being random, it is natural to expect that the Eden growth model on
a random planar map should at large scales be approximated by a metric ball.
This has now been proved by Curien and Le Gall [15] in the case of the planar
dual of a random triangulation. The Eden growth model on the planar dual of a
random triangulation is natural to study because it can be described in terms of
a so-called peeling process, in which one picks an edge uniformly on the boundary
of the cluster so far and then reveals the opposing triangle. In particular, this
exploration procedure respects the Markovian structure of a random triangulation
in the sense that one can describe the law of the regions cut out by the growth
process (uniform triangulations of the disk) as well as the evolution of the boundary
length of the cluster. We will eventually want to make sense of the Eden model
on a quantum sphere which satisfies the same properties. In order to motivate the
construction, we will describe a variant of the Eden growth model on the planar dual
of a random triangulation which involves two operations we know how to perform in
the continuum (in view of the connection between SLE and LQG) and respects the
Markovian structure of the quantum sphere in the same way as described above.
Namely, we fix k ∈ N and then define an increasing sequence of clusters Cn in the
dual of the map as follows.
• Set C0 = {F} where F is the root face.
• Given that Cn is defined, pick two edges e1, e2 on the outer boundary
of Cn uniformly at random and color the vertices on the clockwise (resp.
counterclockwise) arc of the outer boundary of Cn from e1 to e2 blue (resp.
yellow).
• Color the vertices in the remainder of the map blue (resp. yellow) indepen-
dently with probability 1/2. Take Cn+1 to be the union of Cn and k edges
which lie along the blue/yellow percolation interface starting from one of
the marked edges described above.
This growth process can also be described in terms of a peeling process, hence it
respects the Markovian structure of a random triangulation in the same way as the
Eden growth model. It is also natural to expect there to be universality. Namely,
the macroscopic behavior of the cluster should not depend on the specific geometry
of the “chunks” that we are adding at each stage. That is, it should be the case that
for each fixed k ∈ N, the cluster Cn at large scales should be well-approximated by
a metric ball.
4.2. QLE(8/3, 0): The Eden model on the quantum sphere. Suppose that
(S, x, y) is a quantum sphere marked by two independent samples x, y from the
quantum measure. We will now describe a variant of the above construction on
S starting from x and targeted at y, with SLE6 as the continuum analog of the
percolation interface. Fix δ > 0 and let η0 be a whole-plane SLE6 on S from x
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to y with the quantum natural time parameterization as in Theorem 3.2. Then
Theorem 3.2 implies that:
• The quantum surfaces parameterized by the components of S \ η0([0, δ])
which do not contain y are conditionally independent quantum disks.
• The component C0 of S \ η0([0, δ]) containing y has the law of a quantum
disk weighted by its quantum area.
• The conditional law of η0(δ) is given by the quantum boundary measure
on ∂C0.
We now pick z1 from the quantum boundary measure on ∂C0 and then let η1
be a radial SLE6 in C0 from z1 to y, parameterized by quantum natural time.
Then it also holds that the quantum surfaces parameterized by the components of
C0 \η1([0, δ]) which do not contain y are conditionally independent quantum disks,
the component C1 of C0 \ η1([0, δ]) containing y has the law of a quantum disk
weighted by its quantum area, and η1(δ) is uniformly distributed according to the
quantum boundary measure on ∂C1.
The δ-approximation Γδ,x→y to QLE(8/3, 0) (quantum Loewner evolution with
parameters γ2 = 8/3 and η = 0; see Section 4.3 for more on the family of processes
QLE(γ2, η)) from x to y is defined by iterating the above procedure until it even-
tually reaches y. One can view Γδ,x→y as arising by starting with a whole-plane
SLE6 process η on S from x to y parameterized by quantum natural time and then
resampling the location of the tip of η at each time of the form kδ where k ∈ N.
Due to the way the process is constructed, we emphasize that the following hold:
• The surfaces parameterized by the components of S \ Γδ,x→yt which do not
contain y are conditionally independent quantum disks.
• The surface parameterized by the component Ct of S\Γδ,x→yt which contains
y on its boundary is a quantum disk weighted by its area.
• The evolution of the quantum boundary length Xt of ∂Ct is the same as
in the case of η, i.e., it is given by the time-reversal of a 3/2-stable Le´vy
excursion.
That is, Γδ,x→y respects the Markovian structure of a quantum sphere. The
growth process QLE(8/3, 0) is constructed by taking a limit as δ → 0 of the δ-
approximation defined above. All of the above properties are preserved by the
limit.
Parameterizing an SLE6 by quantum natural time on a quantum sphere is the
continuum analog of parameterizing a percolation exploration on a random planar
map according to the number of edges that the percolation has visited. This is not
the correct notion of time if one wants to define a metric space structure since one
should be adding particles to the growth process at a rate which is proportional to
its boundary length. One is thus led to make the following change of time: set
D(t) =
∫ t
0
1
Xu
du
and then let s(r) = inf{t ≥ 0 : D(t) > r}. Due to the above interpretation, the
time-parameterization s(r) is called the quantum distance time. Let Γx→y be a
QLE(8/3, 0) parameterized by s(r) time. Then it will ultimately be the case that
Γx→yr defines a metric ball of radius r, and we will sketch the proof of this fact in
what follows.
LIOUVILLE QUANTUM GRAVITY AS A METRIC SPACE AND A SCALING LIMIT 13
Let (xn) be a sequence of i.i.d. points chosen from the quantum measure on S.
For each i 6= j, we let Γxi→xj be a conditionally independent (given S) QLE(8/3, 0)
from xi to xj with the quantum distance parameterization. We then set dQ(xi, xj)
be to be the amount of time it takes for Γxi→xj to reach xj . We want to show
that dQ(xi, xj) defines a metric on the set (xi) which is a.s. determined by S. It
is obvious from the construction that dQ(xi, xj) > 0 for i 6= j, so to establish the
metric property it suffices to prove that dQ is symmetric and satisfies the triangle
inequality. This is proved by making use of a strategy developed by Sheffield,
Watson, and Wu in the context of CLE4.
Symmetry, the triangle inequality, and the fact that dQ is a.s. determined by S
all follow from the following stronger statement (taking without loss of generality
x = x1 and y = x2). Let Θ denote the law of (S, x, y,Γx→y,Γy→x, U) where U is
uniform in [0, 1] independently of everything else. Let Θx→y (resp. Θy→x) be the
law whose Radon-Nikodym derivative with respect to Θ is given by dQ(x, y) (resp.
dQ(y, x)). That is,
dΘx→y
dΘ
= dQ(x, y) and
dΘy→x
dΘ
= dQ(y, x).
We want to show that Θx→y = Θy→x because then the uniqueness of Radon-
Nikodym derivatives implies that dQ(x, y) = dQ(y, x). Since Γx→y and Γy→x were
taken to be conditionally independent given S, this also implies that the common
value of dQ(x, y) and dQ(y, x) is a.s. determined by S.
The main step in proving this is the following, which is a restatement of [63,
Lemma 1.2].
Lemma 4.1. Let τ = UdQ(x, y) so that τ is uniform in [0, dQ(x, y)] and let τ =
inf{t ≥ 0 : Γx→yτ ∩ Γy→xt 6= ∅}. We similarly let σ = UdQ(y, x) and σ = inf{t ≥
0 : Γx→yt ∩ Γy→xσ 6= ∅}. Then the Θx→y law of (S, x, y,Γx→y|[0,τ ],Γy→x|[0,τ ]) is the
same as the Θy→x law of (S, x, y,Γx→y|[0,σ],Γy→x|[0,σ]).
Upon proving Lemma 4.1, the proof is completed by showing that the Θx→y
conditional law of Γx→y,Γy→x given (S, x, y,Γx→y|[0,τ ],Γy→x|[0,τ ]) is the same as
the Θy→x conditional law of Γx→y,Γy→x given (S, x, y,Γx→y|[0,σ],Γy→x|[0,σ]).
Lemma 4.1 turns out to be a consequence of a corresponding symmetry state-
ment for whole-plane SLE6, which in a certain sense reduces to the time-reversal
symmetry of whole-plane SLE6 [71], and then reshuffling the SLE6 as described
above to obtain a QLE(8/3, 0).
The rest of the program carried out in [68, 69] consists of showing that:
• The metric defined above extends uniquely in a continuous manner to the
entire quantum sphere yielding a metric space which is homeomorphic to S2.
Moreover, the resulting metric space is geodesic and isometric to the Brow-
nian map using the characterization from [62]. We will describe this in
further detail in the next section.
• The quantum sphere instance is a.s. determined by the metric measure
space structure. This implies that the Brownian map possesses a canonical
embedding into S2 which takes it to a form of
√
8/3-LQG. This is based
on an argument which is similar to that given in [26, Section 10].
4.3. QLE(γ2, η). The process QLE(8/3, 0) described in Section 4.2 is a part of a
general family of growth processes which are the conjectural scaling limits of a
family of growth models on random surfaces which we now describe.
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Figure 2. Left: DLA on Z2. Middle: DLA on a graph approximation of
√
2-
LQG. This serves as a discretization of QLE(2, 1). Right: Plot of (γ2, η) values
for which QLE(γ2, η) is constructed in [70].
The dielectric breakdown model (DBM) [73] with parameter η is a family of
models which interpolate between the Eden model and diffusion limited aggregation
(DLA). If µHARM (resp. µLEN) denotes the natural harmonic (resp. length) measure
on the underlying surface, then microscopic particles are added according to the
measure (
dµHARM
dµLEN
)η
dµLEN.
In particular, η = 0 corresponds to the Eden model and η = 1 corresponds to DLA.
One can apply the tip-rerandomization procedure to SLEκ or SLEκ′ coupled
with γ-LQG for other values of κ, κ′ and γ provided κ = γ2 and κ′ = 16/γ2. The
resulting process, which is called QLE(γ2, η) and is defined and analyzed in [70], is
the conjectural scaling limit of η-DBM on a γ-LQG surface where
η =
3γ2
16
− 1
2
or η =
3
γ2
− 1
2
.
(The parameter γ determines the type of LQG surface on which the process grows
and the value of η determines the manner in which it grows.) Special parameter
values include QLE(8/3, 0) and QLE(2, 1), the latter being the conjectural scaling
limit of DLA on a tree-weighted random planar map. See Figure 2. It remains an
open question to construct QLE(γ2, η) for the full range of parameter values.
5. Equivalence with the Brownian map
In the previous section, we have described how to build a metric space structure
on top of
√
8/3-LQG. We will describe here how it is checked that this metric space
structure is equivalent with the Brownian map.
5.1. Brownian map definition. The Brownian map is constructed from a contin-
uum version of the Cori-Vauquelin-Schaeffer bijection [12, 80] using the Brownian
snake. Suppose that Y : [0, T ] → R+ is picked from the excursion measure for
Brownian motion. Given Y , we let X be a centered Gaussian process with X0 = 0
and
cov(Xs, Xt) = inf{Yr : r ∈ [s, t]}.
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For s < t and [t, s] = [0, T ] \ (s, t), we set
d◦(s, t) = Xs +Xt − 2 max
(
min
r∈[s,t]
Xr, min
r∈[t,s]
Xr
)
.
Let T be the instance of the continuum random tree (CRT) [2] encoded by Y and
let ρ : [0, T ]→ T be the corresponding projection map. We then set
dT (a, b) = min{d◦(s, t) : ρ(s) = a, ρ(t) = b}.
Finally, for a, b ∈ T , we set
d(a, b) = inf

k∑
j=1
d◦T (aj−1, aj)

where the infimum is over all k ∈ N and a0 = a, a1, . . . , ak = b in T . Quotienting by
the equivalence relation a ∼= b if and only if d(a, b) = 0 yields a metric space (S, d).
It is naturally equipped with a measure ν by taking the projection of Lebesgue
measure on [0, T ]. Finally, (S, d, ν) is naturally marked by the points x and y
which are respectively given by the projections of t = 0 and the value of t at which
X attains its infimum. The space (S, d, ν, x, y) is the (doubly marked) Brownian
map and we denote its law by µ2SPH. It is an infinite measure (since the Brownian
excursion measure is an infinite measure). As mentioned earlier, it follows from [55]
(see also [59]) that (S, d) a.s. has the topology of S2. Also, the law of (S, d, ν, x, y)
is invariant under the operation of resampling x, y independently from ν. The
standard unit area Brownian map arises by conditioning µ2SPH to have total area
equal to 1. Equivalently, one can take the construction above and condition on the
Brownian excursion Y to have length equal to 1.
Variants of the Brownian map with other topologies are defined in a similar
manner. For example, the Brownian disk, half-plane, and plane are defined this
way in [9, 1, 54, 7, 36, 14].
5.2. The α-stable Le´vy net. Suppose that we have a doubly-marked metric space
(S, d, x, y) which has the topology of S2. For each r ∈ [0, d(x, y)], we define the
filled metric ball B•(x, r) to be the closure of the complement of the y-containing
component of S \ B(x, r). The metric net of (S, d, x, y) is the closure of the union
of ∂B•(x, r) over r ∈ [0, d(x, y)]. It turns out that it is possible to give an explicit
description of the law of the metric net of the Brownian map and, as we will explain
just below, this is one of the main ingredients which characterizes its law.
t
Xt
C + Yt
t
Xt
Figure 3. Illustration of the construction of the α-stable Le´vy net.
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The α-stable Le´vy net is defined as follows. Fix α ∈ (1, 2) and suppose that
X is the time-reversal of an α-stable Le´vy excursion with only upward jumps (so
that X has only downward jumps). We define the height process Y associated
with X to be given at time t by the amount of local time that X|[t,T ] spends at
its running infimum. Both X and Y encode trees. Namely, associated with X
is a looptree which is obtained by considering the graph of X and then replacing
each of the downward jumps by a topological disk that does not otherwise cross
the graph of X and with the disks pairwise disjoint. Points on the graph of X or
the disk boundaries are considered to be equivalent if they can be connected by
a horizontal chord which lies entirely below the graph of X. The tree associated
with Y is defined by declaring two points on the graph of Y to be equivalent if
they can be connected by a horizontal chord which lies entirely above the graph
of Y . We can then glue these two trees together as illustrated in Figure 3 to obtain
the α-stable Le´vy net. The tree associated with X (resp. Y ) is the called the dual
(resp. geodesic) tree of the Le´vy net instance.
Due to the construction, points on the geodesic tree which are identified with
each other all have the same distance to the root in the geodesic tree. Therefore
every point in the Le´vy net has a well-defined distance to the root, hence one can
talk about metric balls which are centered at the root. It is not difficult to see that
one can in fact associate with each such metric ball a boundary length and that this
boundary length evolves as a so-called continuous state branching process (CSBP)
as one reduces the radius of the ball. In fact, the boundary lengths between any
finite collection of geodesics evolve as collection of independent CSBPs as the ball
radius is reduced and this property essentially characterizes the α-stable Le´vy net
(as it determines how the geodesics are glued together).
It is proved in [62] that the law of the metric net of a sample from µ2SPH is given by
that of a 3/2-stable Le´vy net. The following is a restatement of [62, Theorem 4.6].
Theorem 5.1. The doubly marked Brownian map measure µ2SPH is the unique infi-
nite measure on doubly-marked metric measure spaces (S, d, ν, x, y) with the topology
of S2 which satisfy the following properties:
(1) The law of (S, d, ν, x, y) is invariant under resampling x and y independently
from ν.
(2) The law of the metric net from x to y agrees with that of the α-stable Le´vy
net for some value of α ∈ (1, 2).
(3) For each fixed r > 0, the metric measure spaces B•(x, r) and S \ B•(x, r)
(equipped with the interior internal metric and the restriction of ν) are
conditionally independent given the boundary length of ∂B•(x, r).
The proof of Theorem 5.1 given in [62] shows that the assumptions necessarily
imply that α = 3/2, which is why we do not need to make this assumption explicitly
in the statement of Theorem 5.1.
5.3. QLE(8/3, 0) metric satisfies the axioms which characterize the Brow-
nian map. To check that the QLE(8/3, 0) metric defined on the
√
8/3-quantum
sphere defines an instance of the Brownian map, it suffices to check that the ax-
ioms of Theorem 5.1 are satisfied. The construction of the QLE(8/3, 0) metric in
fact implies that the first and third axioms are satisfied, so the main challenge is
to check the second axiom. This is one of the aims of [68] and is closely related
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to the form of the evolution of the boundary length when one performs an SLE6
exploration on a quantum sphere as described in Theorem 3.3.
Upon proving the equivalence of the QLE(8/3, 0) metric on a quantum sphere
with the Brownian map, it readily follows that several other types of quantum sur-
faces with γ =
√
8/3 are equivalent to certain types of Brownian surfaces. Namely,
the Brownian disk, half-plane, and plane are respectively equivalent to the quantum
disk,
√
8/3-quantum wedge, and
√
8/3-quantum cone [68, 36, 54].
6. Scaling limits
The equivalence of LQG and Brownian surfaces allows one to define SLE on a
Brownian surface in a canonical way as the embedding of a Brownian surface is
a.s. determined by the metric measure space structure [69]. This makes it pos-
sible to prove that certain statistical physics models on uniformly random pla-
nar maps converge to SLE. The natural topology of convergence is the so-called
Gromov-Hausdorff-Prokhorov-uniform topology (GHPU) developed in [36], which
is an extension of the Gromov-Hausdorff topology to curve-decorated metric mea-
sure spaces. (We note that a number of other scaling limit results for random
planar maps decorated with a statistical mechanics model toward SLE on LQG
have been proved in e.g. [85, 46, 33, 57] in the so-called peanosphere topology,
which is developed in [26].)
Figure 4. Two independent uniform quadrangulations of the disk with simple
boundary, perimeter 2`, and m faces are glued together along a marked boundary
arc of length 2s to produce a quadrangulation of the disk with a distinguished path
of length 2s. The conditional law of the path is uniform among all simple paths
(i.e., a self-avoiding walk) conditioned on having m faces to its left and right.
6.1. Self-avoiding walks. Recall that the self-avoiding walk (SAW) is the uniform
measure on simple paths of a given length on a graph. The SAW on random planar
maps was important historically because it was used by Duplantier and Kostov
[24, 25] as a test case of the KPZ formula [48]. It is a particularly natural model
to consider as it admits a rather simple construction. Namely, one starts with two
independent uniformly random quadrangulations of the disk with simple boundary,
perimeter 2`, and m faces as illustrated in the left side of Figure 4. If one glues
the two disks along a boundary segment of length 2s < 2`, then one obtains a
quadrangulation of the disk with perimeter 2(` − s) and 2m faces decorated by a
distinguished path. Conditional on the map, it is not difficult to see that the path
is uniformly random (i.e., a SAW) conditioned on having m faces to its left and
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right. In the limit as `,m→∞, one obtains a gluing of two UIHPQ’s with simple
boundary.
The main result of [36] implies that the UIHPQ’s converge to independent Brow-
nian half-planes, equivalently independent
√
8/3-quantum wedges together with
their QLE(8/3, 0) metric. Proving the convergence of the SAW in this setting
amounts to showing that the discrete graph gluing of the two UIHPQ’s converges
to the metric gluing of the limiting Brownian half-plane instances along their bound-
aries. This is accomplished in [34]. Each Brownian half-plane instance is equivalent
to a
√
8/3-quantum wedge with its QLE(8/3, 0) metric. In order to identify the
scaling limit of the SAW with SLE8/3, it is necessary to show that the conformal
welding of two such quantum wedges developed in [84] is equivalent to the metric
gluing of the two
√
8/3-quantum wedges with their QLE(8/3, 0) metric as it is
shown in [84] that the interface is SLE8/3. This is the main result of [35]. Combin-
ing everything gives the convergence of the SAW on random planar maps to SLE8/3
on
√
8/3-LQG.
Figure 5. Left: A quadrangulation of the disk with simple boundary. Right:
Blue (resp. red) quadrilaterals have been glued along two marked boundary arcs.
Faces on the inside are colored blue (resp. red) independently with probability 3/4
(resp. 1/4). The green path is the interface between the cluster of blue (resp. red)
quadrilaterals which are connected to the blue (resp. red) boundary arc.
6.2. Percolation. It is also natural to consider critical percolation on a uniformly
random planar map. The critical percolation threshold has been computed for a
number of different planar map types (see, e.g., [4, 5]). The article [38] establishes
the convergence of the interfaces of critical face percolation on a uniformly random
quadrangulation of the disk. This is the model in which the faces of a quadrangula-
tion are declared to be either open or closed independently with probability 3/4 or
1/4 [5]. (The reason that the critical threshold is 3/4 and not 1/2 is because open
faces are adjacent if they share an edge and closed faces are adjacent if they share
a vertex.) The underlying quadrangulation of the disk converges to the Brownian
disk [9, 39], equivalently a quantum disk. The main result of [38] is that the perco-
lation interface converges jointly with the underlying quadrangulation to SLE6 on
the Brownian disk. The proof proceeds in a very different manner than the case of
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the SAW. Namely, the idea is to show that the percolation interface converges in
the limit to a continuum path which is a Markovian exploration of a Brownian disk
with the property that its complementary components are Brownian disks given
their boundary lengths and it turns out that this property characterizes SLE6 on
the Brownian disk [37] (recall also Theorem 3.2).
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